
n(2) = function in Equation (21), Part I1 
p ( 2 )  = function in Equation (21),  Part I1 

+(s) = characteristic polynomial of A 
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Vk = sign of kth determinant in Equation (82), Part 1 cepted November 25, 1975. 

Part I I .  The Approximation Problem 
The composite algorithm derived in Part I is used to construct models 

from pulse responses of lumped and distributed systems, as well as an 
empirically measured residence time density. Along the way, salient points 
in the numerical implementation of the algorithm are indicated. In the 
present recursive procedure, the initial transient is predicted accurately by 
lower-order partial realizations; successive partial realizations involve pro- 
gressively longer tails of the pulse response. The zeroth moment of the 
impulse response i s  used to advantage when realizations with no zeros are 
appropriate 

SCOPE 
In Part I of this two-part series, a sequential algorithm 

was derived for obtaining practical realizations from real- 
istic response data of continuous time systems with inter- 
mittent meawrements. In Part 11, the modeling procedure 
will be illustrated with impulse responses from numerical 
examples of lumped and distributed systems, as well as 
an empirically measured residence time density. 

The question that arises in evaluating these models is: 
In what sense is the input/output relation of a partial 
realization an approximation to the given input/output 
relation? The answer depends on the data set used to 
derive these realizations. In earlier work, the moments 
of the impulse response have been used to derive realiza- 
tions. This is possible, since the moments form a set of 
parameters related to powers of A-l  in the same way 
that the Markov parameters are related to powers of A 
in the realization (A, b, c) (Bruni, 1969). If moments are 

used in the realization algorithm, a low frequency ap- 
proximation is obtained which may not bring out the 
initial transient of the original response. The Markov 
parameters yield a high frequency approximation which 
may not bring out the long time behavior of the system. 
Rossen (1972) has used a combined set of parameters 
with some moments preceding the RIarltov parameters to 
obtain in some cases a better long-time approximation. 
However, for other cases, he obtained unstable models 
for stable physical processes. The regularization procedure 
presented in Part I, and used here, is based on the use 
of Markov parameters alone. Here, we shall compare par- 
tial realizations of different dimensions in terms of their 
impulse responses. In this comparison, the different data 
sets are finite sequences of Marltov parameters of in- 
creasing length. In addition, we shall discuss the range 
of modes that may be identified from a given impulse 
response. 

CONCLUSIONS A N D  SIGNIFICANCE 
The present recursive realization algorithm identifies 

the faster modes first and then identifies the slower modes; 
that is, the initial transient is predicted accurately by 
lower-order partial realizations; successive partial realiza- 
tions have progressively longer tails. Hence, the tail of 
the response, if inordinately long and inaccurate, may be 
ignored while lower-order partial realizations are con- 
structed. This feature is a definite improvement over the 
method of moments, which is extremely sensitive to the 
tail of the response. 

A distributed system may be modeled by a finite dimen- 
sional realization coupled with a time delay. The number 

of zero hifarkov parameters estimated then depends on 
the time delay chosen; in selecting this combination, we 
seek to ensure a minimal degree of smoothness in the 
predicted response, keeping the dimension of the realiza- 
tion low (at most 5).  

The intensity function provides useful information for 
both lumped and distributed systems. As illustrated by 
the examples, systems with monotone increasing intensity 
functions are easier to model, partly because the zeroth 
moment can then be taken into account. When the zeroth 
moment is used, the value of the first nonzero Markov 
parameter assumes increased importance. 

CHARACTERIZING THE APPROXIMATION 

Sequential model building methods such as the domi- 
nant pole technique and the present recursive realization 
procedure may be compared with respect to the order of 
identification of the system’s response modes. In the domi- 
nant pole technique, the slowest mode or the largest time 
constant is identified first; then this is peeled off from the 

(Sheppard, 1962, Chapter 11). In the recursive realization 
procedure, however, as the dimension of the partial reali- 
zation increases, slower modes are added on. The impulse 

sively longer tails. This is illustrated by the partial realiza- 
tions of the impulse response function (see example 4 
of Part I )  : 

(1) 
1 
16 

g( t )  = - ( e - t  + e-3t + 3 e - 5 t  - 5e-7t) 

with transfer function 

(2) 
response curve to identify the next slower mode, and so on ( s  + 2 )  ( s  + 4 )  

(s  + 7 )  ( s  + 5 )  ( s  + 3) (s  + 1) 
G(s)  = 

The complete realization matrices, 
responses of higher-order partial realizations have progres- nine Markov parameters, are: 

-10 1 0 
A =  -18 0 1 ; 0 1 ;  ’=[;I; c = [ 1  0 0 01 

12 0 -2.75 
0 0 0.9375 -3.25 

March, 

I 
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(3)  
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The unit pulse responses of the partial realizations of di- 
mensions 2 and 3 have been compared with the unit 
pulse response of the complete realization in Figure 1. The 
settling times of these responses follow a progression from 
2.5 units of time for the partial realization of dimension 2, 
to 4.5 units for that of dimension 3, and 5 units for the 
complete realization of dimension 4. The areas under these 
curves do not follow any such progression. The partial 
realizations are given by the leading principal submatrices 
of the complete realization matrices: 

-10 1 
A l =  [ -18 0 ] ; b l =  [ y ]  ; c l =  [I 01 (4) 

-10 1 0 
-18 0 1 1 ;  b 2 =  [ 4 ] ; c z = [ l  

12 0 -2.75 

Markov parameters. It IS important to note that a choice of 
time scale is implicit in the above discussion. Once a time 
scale is chosen, only the modes represented by eigenvalues 
ranging, roughly, from O (  10) to O( 1) on that Fcale may 
be identified reliably. 

MODELS FOR LUMPED SYSTEMS 
We shall now present two illustrations of the modeling 

procedure for lumped systems. Complete details of the 
estimation may be found in Jayaraman ( 1975). The origi- 
nal responses are obtained from a third-order sy\tem with 
no zeros (example 2 of Part I )  and a fourth-order system 
with two zeros (example 4 of Part I). 

The eigenvalues of A1 are -7.65 and -2.35;- those of A2 
are -7.05, -4.52, and -1.176, and those of A (the com- 
plete realization) are -7, -5, -3, and -1. In terms of 
magnitudes, the smallest eigenvalue of A is lower than that 
of A2, which in turn is lower than that of Al. It must be 
pointed out here that the occurrence of real eigenvalues 
in all the partial realizations for this example is fortuitous. 
The poles of the complete realization alone have been 
assumed to be real. However, partial realizations, which 
are leading principal submatrices of the complete realiza- 
tion matrices, may have complex poles. 

The number of modes that can be identified sequentially 
is limited in either technique-the dominant pole technique 
and the recursive realization procedure. A practical limit 
on the dimension of the partial realization that can be 
identified from response curves is 5, corresponding to ten 
Markov parameters. The recognition problem, centered on 
the number of components that can be identified in time 
series data, has been treated by Bergner et al. (1973). 
More components can be identified when there are no 
zeros in the system, since this situation requires the mini- 
mum number of parameters for a model of given dimen- 
sion. 

The smaller an eigenvalue in relation to the largest 
eigenvalue, the less identifiable it is since the relative 
contribution of the smaller eigenvalues to later Markov 
parameters is progressively smaller. This may be seen by 
noting that the impulse response may be written as 

n 

(where yi > 0 and Ai are real for all i) and that the 
Markov parameters are given by 

n 

Yk = g(k)(0) = 2 Ai(- y i ) k  (7) 
i = 1  

For the same reason, the bulk of the value of later Markov 
parameters comes from the extension sequence generated 
from earlier parameters. From (7) it may be seen also 
that the stiffer the system (that is, the larger the spread 
among the eigenvalues), the larger the growth rate of 
Markov parameters, but the actual values of later Markov 
parameters for a stifE system will be very close to the 
values in the extension sequence generated from earlier 

Let us consider the impulse response function of a 
third-order system with no zeros, given by 

with 

By using twenty-five data points with a spacing on the 
time axis of 0.5 units, an acceptable value is obtained 
for the ratio of the first two nonzero Markov parameters 
with two zero Markov parameters. At this point, the 
values obtained for the Markov parameters arc 

If we now insert YO = Y1 = 0 and Y2 = 1, Yq = -3.5 
in the factorization equation [see Equation (93) of Part 
I], we obtain the inequality 

~ ( 8 )  = 11(~3 + 3.582 + 3.5s + 1 )  (9) 

0, 0, 1, -3.5, 8.41, -15.88, . . . (10) 

Y4 < 12.25 (11) 
The present estimate of Y4 satisfies this bound. We may 
now insert Y4 = 8.41 in the factorization ecluation to 
obtain the inequalities 

-29.5 < Ys < -16 

Since the present estimate of Ys does not satisfy the upper 
bound, we must go to the next stage of regression to ob- 
tain a value of Ys within the bounds. The result is still un- 
satisfactory. The reason for this dacul ty  may be discerned 
from Figure 2 which depicts the given impulse response 
g ( t )  and the values fitted at each stage of regression. 
g k ( t )  is a constraint function of degree k, incorporating 
previously estimated, acceptable values of (k -r 1 )  Mar- 
kov parameters. The functions at the fourth and sixth 
stages have been plotted with reversed signs. From the 
flatness of the plot of - (g  - g4)/t5, we note that at this 
stage, identifiability is low, indicating the presence of a 
small exponential. This prompts us to settle for the lowest- 
order partial realization, which must be of dunension 
three. This third-order model must have a transfer func- 
tion of the form 1/($ + a$ + a28 + as). The intensity 
function derived from the given response being monotone 
increasing further strengthens our belief that such a model 
will be adequate. However, we need six Markov parame- 
ters to construct a third-order model, so Y5 must be esti- 
mated. Let us look at the factorization equation (at this 
stage we do not know the entries in parentheses): 

(12) 

0 0 1 -3.5 0 1 -3.5 
1 [ H  -3.5 8.41 (-17) 

-3.5 8.41 (-17) (30.9) 

-3.5 1 0 1 0 -3.84 
8.41 -3.5 1 

(-17) 8.41 -3.5 1 
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T I M E  

Fig. 2. Residuals in estimation of Markov parameters from time 
series data (data generated from Eq. (8)). 

In Part I we noted that for a realization with no zeros, as 
in this case, A is in companion form, and hence the column 
immediately following the antidiagonal submatrix in Q 
consists of the coefficients of the characteristic polynomial 
of A [see Equation (6) of Part I]. The zeroth moment 
of the impulse response is given by l / a s .  But this is the 
same as the area under the response curve, which is 1. 
So if we settle for a third-order model, 9 3 4  = - a 3  = -1. 
This implies that Y5 = -17. Thus the realization obtained 
is 

-3.5 1 0 
; C =  [l 0 O] 

This approximate realization may be compared with the 
exact realization in (84) of Part I. The unit pulse re- 
sponses of both have been plotted in Figure 3. By taking 
the zeroth moment into account in identifying the model, 
we have been able to match the long-term behavior more 
closely than otherwise. Whenever we choose to model a 
system by a realization with no zeros, the zeroth moment 
can be taken into account in the same way. 

We now turn to the impulse response function of a 

0 1 -10 Y3 1 

-10 1 -10 Y3 ;:;:]=[-: I y3 y4 y5 y4 

ORIGINAL RESPONSE 
PRE DlCTED RESPONSE .3 0 

0.0 2.0 4.0 6.0 8.0 10.0 12.0 
T I M E  

Fig. 3. Pulse response for example 2 of Part 1. 

.so 
- O R I G I N A L  RESPONSE 

Fig. 4. Pulse response for example 4 of Part I .  

fourth-order system with two zeros, specified in Equation 
(1). The settling time for the response is about five units, 
and no scaling is necessary. Twenty data points are used 
with a spacing of 0.25 units on the time axis. Here, one 
zero Markov parameter is enough to obtain an acceptable 
value for the ratio of the first two nonzero Markov param- 
eters. At this point, the values obtained for the Markov 

parameters are 

The dimension of the lowest-order partial realization is 
two. Further, the intensity function for this example is 
nonmonotone; it has a maximum. So the model must have 
some zeros, and its dimension must be greater than two. 
Let us now write the factorization equation with the first 
three Markov parameters: 

0, 1, -10, 77.65, -498, 2 555, . . . (15) 

1 ( 0  1 -10 Y 3 7  
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According to the Sign pattern described in Part I for such 
impulse response functions representing series parallel 
networks of CSTR's 

923 < 0, which implies that Y3 < 100 (17) 

The sign of q 3 3  cannot be prescribed. Hence, although the 
present value of Y3 satisfies the bound in (17),  Y3 and Y, 
must be estimated carefully in another fit. The next stage 
of regression yields the following set of Markov parame- 
ters: 

0, 1, -10, 81.8, -597, 3664, . . (18) 

0 1 -10 81.8 1 
1 -10 1 

81.8 -597 3664 1 
81.8 -.597 3 664 81.8 -20.95 1 , 

tions, coupled with time delays. Here again, we shall start 
from impulse response curves. These art: obtaiiied either 
from solutions of distributed models (pariibolic Iiartial dif- 
ferential equations) or from input/output exper :merits on 
a physical system such as a packed bed. Let us recall that 
the number of zero Markov parameters specifies the mini- 
mum order of precursors of rational type, defined as the 
smallest integer q such that lim sqG(s)  f 0. For dis- 
tributed systems, precursors will be of irrational type; fol- 
lowing common practice, we shall restrict ourselves to 
precursors of rational type with delay. It must be noted 
that then the choice of the time delav 6' and the choice of 

0 1 -10 81.8 1 
1 0 -18.2 221 
0 0 39 -817 
0 0 0 ' I  

The revised estimate of Y3 also satisfies the bound in (17). 
Since 933 > 0, we must have 934 < 0, which implies that 
Y5 < 4 481. The value obtained for Y5 satisfies this bound. 
The resulting partial realization of dimension three is 

-10 1 
A =  [ -18.2 0 Y 1 ;  b = [  X ] ;  c = [ 1  

39 0 -10.95 

The unit pulse responses of this approximate realization 
and of the exact realization [Equation (3)] are compared 
in Figure 4. Till t = 1, the predicted response is within 
5% of the original response. After t = 1, the tail of the 
predicted response is steeper than that of the original re- 
sponse. This indicates the presence of a slower mode in 
the original response than the ones identified. With a cer- 
tain amount of iteration, a model of one higher dimension, 
4, could be constructed to predict the tail more accurately. 
An extension sequence of Markov parameters may be de- 
rived from ( 19), giving 

Ys = -13 641 Y7 = 86 429 

In accordance with the prescribed sign pattern 

945 L O +  Y7 6 8 6  429 

Iteration* is required here because the relative contribu- 
tion of the small eigenvalues to the later Markov parame- 
ters is small. 

It must be noted here that the sign patterns derived in 
Part I are only necessary for the complete realization to 
have real and negative poles. The actual approximate 
realizations obtained by the composite algorithm may, and 
frequently will, have some complex poles with negative 
real parts. This may be due to either, or both, of two rea- 
sons: the model identified may be of inadequate dimen- 
sion, and slight errors in the coefficients of the character- 
istic polynomial of A can introduce complex poles in the 
system (Wilkinson, 1965 Chapter 7) .  The present identifi- 
cation scheme amounts to calculating the coefficients of the 
characteristic polynomial of A, since these constitute the 
last row of A-' [see Part I, Equation (25)l .  Nevertheless, 
the sign patterns derived in Part I are vital in regularizing 
the identification problem. 

REALIZATIONS WITH TIME DELAYS FOR 
DISTRIBUTED SYSTEMS 

-~ 

dent. Once this combination is specified, the realization 
procedure for distributed systems follows that ft Ir lumped 
systems. Once again, in selecting this combination, we 
seek to ensure a minimal degree of smoothness iii the pre- 

dicted response, keeping the dimension of the resulting 
model low (at  most 5 ) .  The requirement of s,noothness 
cannot be met if the delay chosen is very la rg~.  On the 
other hand, if the delay chosen is very small, the number 
of zero Markov parameters estimated will be excessively 
large, resulting in an excessively large dimension for the 
lowest-order partial realization possible. This wi 11, in turn, 
require a large number of nonzero Markov parameters 
which may not be reliably identifiable. Naturally, the time 
delay chosen would be near the breakthrough tiine for the 
input pulse at the output of the distributed system. 

The most common distributed models in chemical engi- 
neering are one-dimensional, parabolic, partial tlifferential 
equations. In modeling these by finite dimensiorial realiza- 
tions, with time delays, the intensity function .igain pro- 
vides a useful guideline. Karlin and MacGregr Ir (1960) 
have shown that for a system represented by thc equation 

with p ( 2 )  and n ( Z )  positive on the domain (11, a) and 
homogeneous boundary conditions, the impulse response, 
which is the same as the Green's function at a fixed value 
of 2, is a Polya density function (Part I ) .  This implies that 
the corresponding intensity function is monotone increas- 
ing (Karlin, 1968, p. 152). An equation of the form of 
(21) may be written for single phase transport or for two 
phase transport with a linear equilibrium relation between 
the concentrations in the two phases. Such sy.. tems may 
thus be modeled by a finite dimensional realiz'ition with 
no zeros, coupled with a time delay. However, when the 
operator L is replaced by an operator L1 including a term 
linear in u 

the resulting Green's function need not be a Polva density 
function; hence the corresponding intensitv function may 

v 

We shall now describe the representation of distributed 
systems by linear, finite dimensional, time invariant realiza- 

be nonmonotone. An equation of the forni kf (2!!) may b; 
written for a two phase transport system with a finite 

' *) On the iBh4 3G0/91, the computer time required for a typical least- exchange rate between the two-phases* Such a Inode' has 
squares fit run is 0.5 s; for a realization run, it is 0.1 to 0.2 s. in fact been proposed for the liquid phase in trickle flow 
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+ ORIGINAL RESPONSE 

0.0 1.0 2.0 3.0 4.0 5.0 6.0 
T IME 

Fig. 5. Pulse response for chromatographic column with axial 
dispersion. 

through a packed bed with porous packing by Bennett 
and Goodridge ( 1970). The input/output experiments per- 
formed on this kind of physical system by a number of 
investigators (Lapidus, 1957; Schiesser, 1959; Hoogendom 
and Lips, 1965; van Swaiij, 1969) yielded residence time 
density functions with nonmonotone intensity functions. 
Finite dimensional realizations used to model such systems 
must have some zeros in order to bring out the latter por- 
tion of the response. 

Two illustrations of models for distributed systems are 
presented below. Once again, details may be found in 
Jayaraman (1975). In one case, the impulse response 
curve is obtained from the distributed model of a chro- 
matographic column with axial diffusion and a linear ad- 
sorption isotherm analyzed by Lapidus and Amundson 
(1952) : 

D a2c/az2 = v ac/az + ac/at + (1//3) ac,/at 
C, = klC + kz (23)  

where C, C, are the concentrations of the adsorbate in the 
liquid and solid, respectively; /3 is the fractional void vol- 
ume in the bed, and Z is the spatial coordinate in the axial 
direction. V and D are the interstitial velocity of the fluid 
and the diffusivity of the adsorbate in the fluid, respec- 
tively. The boundary conditions for a step change in the 
inlet concentration are 

c=co, z=o,  t > O  

Cfinite, Z +  co, t > 0 
(24) 

The initial conditions are 

-12.67 1 0 0 

-93.32 0 0 1 
-51.29 0 0 0 

t = 0 ,  z>o 
t = 0, 2 > 0 

(25) 
c= ci 

C, = klCi + kz, 
The step response is then given by the expression 

.6 0 I I I I I 

ORIGINAL RESPONSE 

.50 1 - PREDICTED RESPONSf 

0.0 1.0 2.0 3.0 4.0 5.0 6.0 
T IME 

Fig. 6. Pulse response for chromatographic column with axial dis- 
persion. Modified fourth order realization. 

where m = Vpt, v = 1 + k1//3. The impulse response is 
approximated by the response to a narrow pulse of dura- 

tion t : 
w 

- 
C(2, t )  = Co [ F ( m )  - F ( m  - V t  ) ]  - 

where t is sufficiently small. The values chosen for the 
various parameters are 
v = D = 20, /3 = v = 5, ci =o, 

C, = 0.1, t = 0.1, 2 = 10 (27) 
The calculated C must be scaled up by a factor of 100 
to obtain the unit impulse response plotted in Figure 5 .  

The time delay is chosen to be 0.5 and the origin shifted 
accordingly on the time axis. Three zero Markov parame- 
ters are then found adequate. The first nonzero Markov 
parameter is 51.29. The Markov parameters estimated by 
the stagewise regression procedure, observing the bounds 
at each stage, are listed below after normalizing with re- 
spect to the first nonzero parameter: 

Since the intensity function is monotone increasing for this 
system, the lowest-order partial realization of dimension 4 
may be adequate. The zeroth moment is used to obtain 
the remaining Markov parameter required, Y7. Here, the 
zeroth moment = 51.29/a4. The area under the curve is 
1. In general, when the zeroth moment is taken into ac- 
count, the first nonzero Markov parameter is even more 
important than otherwise, since it also determines the last 
parameter required. The resulting realization matrices are 

- 

0, 0, 0, 1, -12.67, 106.2, -750.25 (28) 

1 1 ; c =  c51.29 0 0 01 (29) 

The original impulse response and the impulse response 
predicted by the model in (29) are compared in Figure 5. 
The agreement is fair; except between t = 1 and t = 2, 
the error is less than 10%. 

c - ci 
c, - ci F ( m )  = 
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A A  1 
I - PREDICTED RESPONSE I 

0.2< 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 

T I  ME (SCALED 

Fig. 7. Pulse response for nonporous packing. 

To indicate the sensitivity of the response modes identi- 
fied to the parameters involved, the impulse response pre- 
dicted by a modified fourth-order realization with no zeros 
is compared with the original impulse response in Figure 
6. The agreement here is very good; the error is less than 
5 % throughout. The matrices of the modified realization 
are 

-13 1 0 0 

-83 0 0 1 
-42 0 0 0 

c =  [42 0 0 01 (30) 

THE EMPIRICALLY MEASURED RTD 

Finally, let us consider the residence time density f unc- 
tion measured by Schiesser (1959) for the liquid phase 
in trickle 00w through a packed bed with nonporous pack- 
ing. The data used is tabulated in Jayaraman (1975). 
Choosing a time delay of 12.5 s, and the following scales 

t = (t' - 12.5)/5 
(31) 

g = l O g '  

we obtain three zero Markov parameters and the follow- 
ing set of normalized Markov parameters: 

0, 0, 0, 1, -10.95, 94.84, -797.58 (32) 

The value of the first nonzero Markov parameter obtained 
is 32.65, and the area under the curve, with the specified 
scales, is 2. Here, too, the intensity function is monotone 
increasing. Proceeding along the same lines as in the pre- 
vious example, we obtain the following fourth-order reali- 
zation with no zeros: 

-10.95 1 0 0 

-33.06 0 0 1 
-16.33 0 0 0 

c = c32.65 0 0 01 (33) 

The impulse response predicted by this model is compared 
with the original impulse response in Figure 7. Till t = 1, 
the predicted response is extremely close; near the peak, 
between t = 1 and t = 2, the error is about 15%; after 

t = 2, there is a closer match between the two curves. 
This comparison is similar to the match betwee: i predicted 
and original response curves for the previous example of 
a chromatographic column. Hence, if necessar] , it should 
be possible to modify the realization slishtly ii I before to 
obtain a better match in the later portion:;. 

This last example illustrates how state variable models 
may be obtained to use state feedback in real process con- 
trol situations. A practical limit on the dimension of such 
state variable models is five. The time scale of interest 
must be chosen carefully, since time constants of 0 (10) 
to O (  1) alone may be identified reliably by this prwedure. 
However, as we have already mentioned, thc computer 
time required for processing the relevant pul:,e response 
data is extremely small and should pose no prolJem in up- 
dating such low-order linear models with shifts in process 
characteristics. 
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Fluid and Particle Entrainment 
Into Vertical Jets in Fluidized Beds 

The flow of particles and fluid in the vicinity of vertical jets in fluidized 
beds was studied by using a two-dimensional bed of lead shot fluidized by 
water. I t  was found that both interstitial fluid and solid particles are en- 
trained into the jet as it expands and penetrates into the bed. An approxi- 
mate mathematical model is developed to describe the particle and fluid 
flow fields observed experimentally; from this, an expression is derived for 
rates of entrainment into vertical jets in fluidized beds, and a model is 
postulated for the flow fields around grid jets. 

J. M. D. MERRY 
Westinghouse Research Laboratories 

Pittsburgh, Pennsylvania 15235 

SCOPE 
Fluid issuing from the distributor plate at the base of a 

fluidized bed takes the form of a dilute phase torch or 
jet which penetrates into the bed of particles. For proc- 
esses involving chemical reaction, heat transfer, or mass 
transfer, the mechanism of the jetting region can be ex- 
tremely important (Behie and Kehoe, 1973; Toei, 1973; 
Halow, 1974), yet, despite extensive literature on fluidiza- 
tion, little attention has been focused on this region of 
the bed. 

In the multistage fluidized bed coal gasification proc- 
esses (Lemezis and Archer, 1973), the combustion zone 
for process heat generation is often a vertical air jet in 
the lower leg of the combustor/gasifier vessel, into which 
char fines are fed. This lower leg also acts as the residual 
ash agglomerator, and the mean particle size there will 
be considerably larger than the mean size of the injected 
char fines. It was reasoned that the fines would tend to 

follow the path of the interstitial fluid rather than that 
of the larger agglomerates. To discover the likely route 
of the injected fines and so determine how best to feed 
fines to the bed so that they would be carried into the 
combustion jet, an experiment was set up to investigate 
the flow of interstitial fluid in the vicinity of a vertical 
jet in an incipiently fluidized bed. 

This work has resulted in a better understanding of jet 
behavior in fluidized beds, and the insight gained has 
been used in developing a conceptual design for a com- 
mercial combustor/gasifier (Merry et al., 1975). A math- 
ematical model of the flow fields around the jet leads to 
an approximate expression for estimating rates of entrain- 
ment of fluid and particles into the jet, and this in turn 
could lead to improved modeling of the jetting regions 
of fluidized beds. Application of the model is illustrated 
by using two examples from the literature. 

CONCLUSIONS AND SIGNIFICANCE 
An experimental investigation of vertical water jets 

into a two-dimensional water fluidized bed of lead shot 
has revealed that interstitial fluid as well as solid particles 
are entrained into the jet stream as the jet expands and 
penetrates into the bed. There appears to be a dividing 
streamline in the fluid such that all the fluid inside this 
streamline is entrained into the jet, while the fluid outside 
bypasses the jet and continues to flow upward through 
the bed. Fine particles or fluid which are to be fed into 
the jet should be injected inside the dividing streamline 
in the fluid. The appearance of the jet and the motion 
of the particles in the liquid-solid system are very sim- 
ilar to the reported observations of Markhevka et al. 
(1971) and Zenz (1968, 1971) for gas-solid systems, and 

J. M. D. Merry is with the Computer Aided Design Centre, Madingley 
Road, Cambridge CB3 OHB England. 

it is considered that the results presented here will apply 
equally to either fluid-solid combination. 

By representing the effect of the jet on fluid and particle 
motion in the particulate phase of the bed by a sink, an 
approximate two-dimensional mathematical model has 
been developed which describes the solid particle and 
interstitial fluid flow fields around the jet. This success- 
fully predicts the experimentally observed positions of 
the dividing streamline in the fluid. 

The rate of entrainment of particles and fluid into the 
jet is directly related to the strength of the sink repre- 
senting the effect of the jet. By making some simplifying 
assumptions to the mathematical model, an algebraic 
expression [Equation (S)] is obtained from which rea- 
sonable estimates can be made for the rates of particle 
and fluid entrainment into two-dimensional and axisym- 
metric vertical jets in fluidized beds. This expression is 
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